Do higher search costs make the markets less
competitive?*

José L. Moraga-Gonzalez'
Zsolt Sandor?
Matthijs R. Wildenbeest?

March 2013

PRELIMINARY&INCOMPLETE

Abstract

We study the role of search cost heterogeneity in four models of consumer search. The models
cover markets for homogeneous and differentiated goods where consumers search non-sequentially
and sequentially. When search costs are sufficiently dispersed, an increase in search costs (in the
sense of first-order-stochastic-dominance) has two effects. At the intensive margin, higher search
costs result in less search and thereby firms have an incentive to raise their prices; however, at
the extensive margin, higher search costs lowers demand, which gives firms incentives to cut their
prices. Irrespective of the market setting, we find that higher search costs might result in lower
equilibrium prices for all consumers. We identify one critical condition for higher search costs to
result in lower prices, namely, that the search cost distribution has an decreasing elasticity with
respect to the parameter that shifts the distribution. In that case, the effect of higher search costs
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1 Introduction

This paper studies the role of search cost heterogeneity in consumer search markets. Except for the
fact that we allow for an arbitrary distribution of search costs, we consider otherwise standard models
of homogeneous products and differentiated products, either with fixed-sample-search or sequential
search. In all models we find that, when search costs are sufficiently dispersed in the consumer
population, higher search costs might result in more competition and lower prices. This implies
that firms may benefit from lower search costs or, seen from another perspective, firms need not
(collectively) benefit from market obfuscation (see e.g. Ellison and Wolitzky, 2012; Wilson, 2010).

Almost invariably the literature has made the assumption that all consumers search at least
once in equilibrium. This assumption has typically taken two forms. Either researchers assume
that consumers can obtain a first price quotation at no cost (e.g. Stahl, 1989), or they assume that
the consumer surplus left at the monopoly price is large enough to cover the cost of a first search
(e.g. Burdett and Judd, 1983; Wolinsky, 1986). This assumption, to the best of our knowledge, is
motivated by the desire to avoid the unpleasant non-existence of equilibrium result that arises in
a Diamond-like (1971) setting. In this paper we show that this assumption is somewhat restrictive
and, perhaps more worrisome, has wrongly led economists to believe that higher search costs always
lead to higher prices.

In consumer search models, no matter whether products are differentiated or homogeneous, and
irrespective of whether consumers search sequentially or non-sequentially, firms face demand from
various consumer segments and, in the absence of price discrimination possibilities, pricing is done
in order to maximize the joint profit obtained from the various consumers groups. For example, in
Wolinsky’s (1986) model of consumer search for differentiated products some consumers search a
few firms, stop searching and buy a product, while other consumers visit all the firms in the market
and choose to return to one of the previously visited firms. From the point of view of a particular
firm, the first group of consumers is more elastic than the second group because, while the returning
consumers have no good alternatives elsewhere, the stopping consumers can continue searching for
a better deal. Optimal pricing must then trade-off the incentives to extract profits from less elastic
consumers and the incentives to compete for the more elastic ones. If search costs go up consumers
become less picky, their reservations utilities go down and correspondingly the equilibrium price
increases. With little search cost heterogeneity all consumers search at least once and this intuition

remains intact.



However, when search costs are sufficiently dispersed so that not all consumers find it worthwhile
to conduct a first search, the story can change dramatically. In such a case, an increase in search
costs has two effects. Exactly as before, there is an effect at the intensive margin of the market.
An increase in search costs lowers the intensity with which consumers search and this results in
fewer consumers comparing the offerings of various firms. This tends to weaken competitiveness
and therefore it gives firms incentives to raise their prices. However, there is also an effect at the
extensive margin. An increase in search costs increases the share of consumers who exit the market
without searching at all. This lowers demand and thereby the profits of the firms, which gives them
incentives to lower their prices.

We show that the effect of higher search costs at the extensive margin can dominate the effect
at the intensive margin, in which case prices rise as search costs go up. To prove this result, we
parametrize the search cost distribution by a search cost shifter and study how prices change with
the parameter of interest. We prove that for prices to decrease as search costs increase, the elasticity
of the search cost distribution with respect to the search cost shifter must be decreasing in search
costs. In that case, the market is more responsive to higher search costs at the extensive margin
than at the intensive one and the result follows. A case of particular interest is that in which the
search cost shifter enters multiplicatively. In this situation, we show that this condition is satisfied
provided that the search cost distribution has an increasing density. Intuitively, what happens is
that, when the search cost density is increasing, the effect of higher search costs at higher percentiles
of the search cost density is more noticeable than at lower percentiles since there is a larger mass
of consumers at the former. Correspondingly, firms adjust their prices in order to avoid a massive
demand fall. Interestingly, low search costs consumers benefit form an overall increase in search
costs. For search cost distributions with decreasing densities, we find that the effect at the intensive
margin dominates and the standard result that higher search costs lead to higher prices obtains.

We show analytically these results in the context of two consumer search models. We first study
a homogeneous product consumer search market with non-sequential search similar to the model in
Burdett and Judd (1983); we then numerically establish that the results extend to the case where
consumers search sequentially as in Stahl (1989, 1996). Secondly, we examine a differentiated product
consumer search market with non-sequential search; we then numerically establish that the results
extend to the case where consumers search sequentially as in Wolinsky (1986).

The structure of the paper is as follows. In Section 2 we study markets for homogeneous goods.

We first look at the case of fixed-sample-size search and then at the case of sequential search. In



Section 3 we study models where consumers search for satisfactory products in a context where firms
sell differentiated products. We first study a non-sequential search version and then a sequential
search one. The paper closes with a Conclusions Section. Some proofs have been placed in the

Appendix to ease the reading.

2 Models with homogeneous products

2.1 Fixed-sample-size search

We start by examining a duopoly model in the spirit of Burdett and Judd (1983).! Firms produce
a good at constant unit costs » > 0. There is a unit mass of buyers. Each consumer inelastically
demands one unit of the good and is willing to pay for it a maximum of v > r. Let 8 = v — r.
Consumers search for prices non-sequentially and buy from the cheapest store they know. Obtaining
price quotations, including the first one, is costly. Search costs differ across consumers. A buyer’s
search cost is drawn independently from a common atomless distribution G(c¢) with support (0,¢)
and positive density g(c) everywhere. A consumer with search cost ¢ sampling k firms incurs a total

search cost ke, k =0,1,2.2

Firms and buyers play a simultaneous moves game. An individual firm chooses its price taking rivals’
prices as well as consumers’ search behavior as given. A firm #’s strategy is denoted by a distribution
of prices F;(p). Let F_;(p) denote the vector of prices charged by firms other than . The (expected)
profit to firm ¢ from charging price p; given rivals’ strategies is denoted by II(p;, F—;(p)). Likewise,
an individual buyer takes as given firm pricing and decides on his/her optimal search strategy to
maximize his/her expected utility. The strategy of a consumer with search cost ¢ is then a number
k of prices to sample, kK = 0,1,2. Let the fraction of consumers sampling & firms be denoted by .
We shall concentrate on symmetric Nash equilibria. A symmetric equilibrium is a distribution of
prices F(p) and a collection {uoq, i1, 2} such that (a) II;(p, F_;(p)) is equal to a constant IT for all
p in the support of F(p), Vi; (b) IL;(p, F_;(p)) < II for all p, Vi; (c) a consumer with search cost c
chooses to sample k(c) firms such that k(c) = arg mingeo 1 2y [kc + f: pk(1 — F(p))*1f(p)dp|; and
(d) Zi:o i = 1. Let us denote the equilibrium density of prices b;f f(p), with maximum price p

and minimum price p.

'For a dynamic version, see Fershtman and Fishman (1992) and for an oligopoly version see Janssen and Moraga-
Gonzélez (2004). These models do not allow for search costs heterogeneity.

2We do not make a priori assumptions on the relationship between ¢ and v. We will see that when ¢ > v, some
consumers will opt out of the market and will not search at all. By contrast, when ¢ < v every consumer will make at
least one search. We will treat these two cases separately and we will see that they are in fact quite different.



The following 2 lemmas follow from Burdett and Judd (1983). The first indicates that, for an
equilibrium to exist, there must be some consumers who search just once and others who search

twice. The second shows that prices must be dispersed in equilibrium.

Lemma 1 If a symmetric equilibrium exists, then 1 > up > 0, k= 1,2, and py > 0.

The intuition behind this result is simple. Suppose all searching consumers did search twice (po+p2 =
1); then pricing would be competitive. This however is contradictory because then consumers would
not be willing to search that much in the first place. Suppose now that no consumer did compare
prices (uo+ p1 = 1); then firms would charge the monopoly price. This is also contradictory because

in that case consumers would not be willing to search at all.

Lemma 2 If a symmetric equilibrium exists, F(p) must be atomless with upper bound equal to v.

This is easily understood. If a particular price is chosen with strictly positive probability then a
deviant can gain by undercutting such a price and attracting all price-comparing consumers. This
competition for the price-comparing consumers cannot drive the price down to zero since then a

deviant would prefer to raise its price and sell to the consumers who do not compare prices.

We now turn to consumers’ search behavior. Expenditure minimization requires a consumer with
search cost ¢ to continue to draw prices from the price distribution F'(p) till the expected gains of
drawing one more price fall below her search cost. The expected net gains from searching once rather
than not searching at all are given by v — E[p] — ¢, while the expected net gains from searching twice
rather than once are given by F[p] — E[min{p1, p2}| — ¢, where E denotes the expectation operator.
Since the search cost distribution has support on [0, ¢, we can define the critical consumers ¢y and

c1 satisfying the following equalities:

co = min{¢,v — E[p]}, (1)

c1 = Emin{pi, p2}] — E[p]. (2)

From Lemma 1, it must be the case that ¢; > 0 and ¢y > ¢1. ¢y is the minimum of the search cost of

the consumer who is indifferent between searching and not searching at all and of the upper bound

3In the original model of Burdett and Judd (1983), it is assumed that the search cost is lower than the surplus
consumers get at the monopoly price. As a result, all consumers buy no matter the equilibrium price distribution and
therefore there always exists an equilibrium where all firms charge the monopoly price (cf. Diamond, 1971). Since we
have arbitrary search cost heterogeneity, this assumption is relaxed. A by-product is that a Diamond-type of result
cannot be an equilibrium any longer.



of the search cost distribution. When the upper bound of the search cost distribution ¢ is sufficiently
high ¢p = v — E[p] and all consumers with search cost above ¢y will not search at all. When ¢ is
small enough, all consumers will search at least once. In particular, consumers for whom ¢; < ¢ < ¢g

will indeed search once and consumers for whom ¢ < ¢; will search twice.

Lemma 3 Given any atomless price distribution F(p), optimal consumer search behavior is uniquely
characterized as follows: the fractions of consumers searching once and twice are given by
Cco C1
i = [ dG(e) > 05 = [ G >0 (3)
c1 0
while the fraction of consumers not searching at all is

wo=[ a0 2o (1)

0

where co and ¢y are given by (1)-(2)

We now examine firm pricing behavior taking consumer search strategies as given. Following Burdett
and Judd (1983), a firm ¢ charging a price p; sells to a consumer who searches one time provided the
consumer samples firm 4, which happens with probability 1/2, and sells to a consumer who searches
twice provided the rival firm charges a price higher than p;, which happens with probability 1— F(p;).
Therefore the expected profit to firm ¢ from charging price p; when its rivals draw a price from the

cdf F(p) is

1

M F () = (s = 1) { gy + a1 Pl |

In equilibrium, a firm must be indifferent between charging any price in the support of F(p) and
charging the upper bound p. Thus, any price in the support of F(p) must satisfy IL;(p;; F(p)) =
IL;(p; F'(p)). Since II;(p; F(p)) is monotonically increasing in p, it must be the case that p = v. As a

result, equilibrium pricing requires

(pi =) {pm +2p2 [1 = F(pi)l} = pa(v — ). (5)
Solving this equation for F(p;) leads to the following result:

Lemma 4 Let A = pg/uy denote the (conjectured) ratio of “price-comparing to non-price-comparing”

consumers. Given \, there exists a unique symmetric equilibrium price distribution F(p). In equilib-

rium firms charge prices randomly chosen from the set [% + 7, v} according to the price distribution
lv—p
Flp)=1-—— . 6
) =1 55 (6)



Notice that F'(p) depends on the search cost distribution via its effect on \; moreover, notice that
F (p) is increasing in A. Hence, if an increase in search costs results in a higher (lower) ratio of
“price-comparing to non-price-comparing” consumers, then the price distribution shifts up (down)

and prices decrease (increase).

For the price distribution (6) to be an equilibrium of the game, the conjectured groupings of con-
sumers has to be the outcome of optimal consumer search. This requires that

v

¢ = min | / Fp)dp b and ¢; = / F(p)(1— F(p))dp (7)
0

0

Since the price distribution F'(p) in (6) is strictly increasing in p, we can find its inverse:

v—rT

p(z) = Tr201-2) +r (8)

Using this inverse function, integration by parts and the change of variables z = F(p), we can state

that:

Proposition 1 If a symmetric equilibrium exists then consumers search according to Lemma 3, firms

set prices according to Lemma 4, and cy and c1 are given by the solution to the following system of

-

o [ Gt - >]<1—2u>u
o= [ = caa-z o

equations:

Relative to Burdett and Judd (1983), this Proposition is our first contribution. It is useful because of
two reasons. First, it provides a straightforward way to compute the market equilibrium. For fixed
v, r, ¢ and G(c), the system of equations (9)-(10) can be solved numerically. If a solution exists,
then the consumer equilibrium is given by equations (3)—(4) and the price distribution follows readily
from equation (6). Secondly, this result enables us to address the issues of existence and uniqueness

of equilibrium, which are the subject of our second contribution.

Proposition 2 (A) For any consumer valuation v and firm marginal cost r such thatv >r > 0 and
for any search cost distribution function G(c) with support (0,¢) such that either g(0) > 0 or g(0) =0
and ¢'(0) > 0, a symmetric Nash equilibrium exists. (B) For the family of polynomial distribution

functions G(c) = (¢/e)*, a > 0, the equilibrium is unique.



The proof of this result is in the Appendix.?

Proposition 2 establishes uniqueness of equilibrium
when the search cost distribution has the described polynomial form. General results on uniqueness
prove to be very difficult because we cannot compute the equilibrium explicitly and the system of

equations (9)—(10) is non-linear.
The effect of higher search costs on prices

The next step in the analysis is to study how an increase in search costs affects prices. As men-
tioned above, for this it suffices to study how the ratio of “price-comparing to non-price comparing”
consumers A is affected by an increase in search costs. To do so, let us parametrize the search cost
distribution G by a positive parameter 8 and use the notation G(c;3). Specifically, assume that
an increase in 8 implies an increase in search costs in the sense of first-order stochastic dominance
(FOSD), i.e. G(¢;B8) > G(¢; ') for all ¢, for all 3/ > B. We shall denote the equilibrium price
distribution corresponding to a given 8 by F'(p; ) and we will examine how F' changes with .

To understand the effect of an increase in 5 on the equilibrium price distribution, we study how
the solution to the system of equations that determines cg,c; and co depends on 3; this, in turn,
determines how g and pe, and therefore A, depend on 5. We start with the (most interesting) case
where the upper bound of the search cost distribution is sufficiently high so that ¢y < ¢. This means
that some consumers have search costs so high that they opt out of the market altogether. Using

the change of variables x; = G(ck; 8) in (9)—(10) gives

1
To — X1
=G|(0-0 —_— du;
0 ( /Oxo—xl—i-Q:z:lu u,ﬁ),
1
Trog— T1
1 G(H/O xo—x1+2x1u( u)du,B)

Let y = x1/x0 € [0,1]. Then the previous system of equations is equivalent to

yG (o (y);8) — G (e (y); B) = 0. (11)

where
CU(y)ze[l—/Oll_;(lf%)du} :e[1+(12yy)1n<1+z>} and (12)
ST

4Elsewhere, we have extended this existence result to the case of an arbitrary number of firms N (see Moraga-
Gonzélez et al., 2010).



Note that 0 < ¢1 (y) < ¢o (y) < 6 for any y € [0, 1]. For later use, notice that 0 = ¢; (0) = ¢o (0) and
that ¢} (0) > 0.

Rewriting (11) gives:

= oo 52 o (2 )0 (53] ) o

An equilibrium of the model is given as a solution to equation H(y; ) = 0. Let y(/3) denote such a

(14)

solution. If we obtain y(53), then using (12) and (13) we can immediately derive the corresponding
co(B) and ¢1(B) and hence uq(B), p2(8), A(B) and the equilibrium price distribution F(p; ). To be

sure, for a given 3, we notice again the relationship between the variables we have introduced
y=x1/x0, x0 = G(cp), x1 = G(c1), po =1, g1 = o — 1 and A = pa /. (15)

Since

A=

1_71

y

a decrease in y results in an decrease in A and, correspondingly, in an increase in prices. We now
study how y() depends on the shifter § of the search cost distribution G(c; f3)

Let y(B) be the solution to equation (14). The Implicit Function Theorem implies

OH (y; B)
dy(B) 98
3~ OHyA) 16)
dy
In order to sign this derivative, we consider first its numerator.
0H (y; /
SO G 0 ()3 ) — Gy (e () )
_ G (y);B) LB\
= WGB(CO(y>aB) GB(C (v);8)
_Gla(y);p) [BGs(w(y):iB)  BGs(e1(y);h)
B G (co(y);P) G(c1(y);h)
where the second equality follows from the equilibrium condition (14). Therefore, we conclude that
(9H(§gé;ﬁ) > 0 if and only if e¢ g(co(y); B) — ea plci(y); B) > 0, (17)
where (@ 5)
BGY (e B
eap(c B) = Glzccﬁ)



denotes the elasticity of the search cost distribution with respect to the shift-parameter S. Since
co(y(B)) > e1(y(B)), a necessary and sufficient condition for 9H (y; 3)/95 > 0 to hold is that the
elasticity of the search cost distribution with respect to 3 increases in c. If the elasticity is decreasing
then 0H (y; 8)/08 < 0.

Consider now the denominator of (16). For a given 5, 0H (y; 3)/0y is the derivative of H at the

solution y. We note that for y = 0 and y = 1 we have

H(0;8)=0-G(co(0);8) =G (c1(0);8) = -G (0;8) =0,
H(1;8) =G (co(1);8) =G (e1(1);8) =G (1;8) =G (0;8) = G (1;8) > 0. (18)

Consider now the value of 9H (y; 8) /Oy at y = 0. Since 0 = ¢;1 (0) = ¢ (0) and ¢} (0) > 0 we have

O0H (0;

S G (0:8) - G (0:) ¢, 0) = =G (056) ¢ (0) <.
Given these three observations (i.e. H (0,8) =0,H (1,5) > 0 and 0H (0,3) /0y < 0), we conclude
that there exists at least one equilibrium at which H is increasing in 4.> We then obtain the following

result:

Theorem 1 Let G (c; ) be a parametrized search cost cdf with positive density on [0,¢] such that for
any B > B we have G(c B) < G(e; B) for all c. Assume that T is sufficiently large so that ¢y defined
in (9) satisfies ¢y < ¢. Assume also that OH (y, ) /0y # 0 at any y for which (14) holds. Then, if
there exists a unique equilibrium and the elasticity of the search cost distribution with respect to

increases (decreases) in ¢, we have F(p; B) < (>)F(p; B) for all p.b

This result shows that prices can increase or decrease after search costs go up for all consumers.
When search costs increase, holding constant the prices of the firms, two effects take place. On
the one hand, at the intensive margin, fewer consumers price-compare and as a result firms have a
tendency to raise their prices. On the other hand, at the extensive margin, more consumers leave the
market without searching at all, which gives firms an incentive to lower their prices. Our theorem

shows that whether the impact at the extensive margin dominates that at the intensive margin

>We ignore ill-behaved situations where at the solutions of (14) H (-; 3) is tangent to the horizontal axes, that is, we
assume that 0H (y, ) /Oy # 0 at any solution y. Moreover, if there are multiple equilibria, the number of equilibria is
odd. In such situation each odd-numbered solution y (3) satisfies 0H (y, 8) /Oy > 0, while each even-numbered solution
y (B) satisfies 0H (y, 8) /0y < 0.

5Tf there exist multiple equilibria, this result also holds for the odd-numbered equilibria. For the even-numbered
equilibria, we have the opposite, that is, if the elasticity of the search cost distribution with respect to [ increases

(decreases) in ¢, we have F(p; 8) > (<)F(p; B) for all p.

10



depends on whether the search cost distribution has an elasticity with respect to the parameter S
that increases or decreases in c.

The case in which the parameter 5 enters multiplicatively is easier to interpret. In such a case, it
is straightforward to verify that the search cost distribution has an increasing (decreasing) elasticity
with respect to the parameter  provided that it has a decreasing (increasing) search cost density.
When the search cost density is decreasing, the impact of an increase in search costs on the extensive
margin is weaker than on the intensive margin and hence prices increase as search costs go up. By
contrast, when the search cost density is increasing, the effect on the extensive margin is stronger
and has a dominating influence. Hence prices decrease when search costs go up.

We now continue with the case where the upper bound of the search cost distribution is sufficiently
low so that ¢y = €. This implies that pg = 0. In this case higher search costs only have an effect at
the intensive margin and thereby we should obtain the standard result that higher search costs lead

to higher prices. For this case,

_e 1y
H1 251 '
As a result, the equilibrium price distribution is uniquely determined by w1, which in turn depends
on
Y= Gler; B)] (1 - 2u)
c1 =10 d du 19
1 /0 1= Gler; B)(1 - 2u) )

Using the change of variables y = G(c1) we can write (19) as y — G (¢1(y)) = 0 where ¢; (y) is given
n (13). Rewriting gives:

H(y;B)Ey—G<—9(;y_2y) [%Hn(ﬁ)];ﬂ) =0 (20)

As above, an equilibrium of the model is given as a solution to equation (20). Note that since G is
monotone and 0 = ¢1(0) = ¢1(1), the equilibrium is unique in this case.

If we consider the parametrized search cost distribution above G (¢; 8) and compute the derivative
of H with respect to 3 we get 9H (y; 8) /0B = —Gj3 (c1 (y) ; B) > 0. This implies that the sign of (16)

is negative. As a result:

Theorem 2 Let G (c; 3) be a parametrized search cost cdf with positive density on [0,¢], with Gy <
0. Assume that € is sufficiently low so that co defined in (9) is equal to ¢. Assume also that
O0H (y,B) /0y # 0 at y for which (20) holds. Then, if B> B we have F(p; B) < F(p;B) for all

p-

11
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Figure 1: Equilibrium search intensities and search costs

We have represented the two cases described in Theorems 1 and 2 in Figure 1, for the case where
the search cost density is increasing and the shift parameter enters multiplicatively. In the graph
of Figure 1(a), the move from the blue search cost distribution to the red search cost distribution
represents an increase in search costs. Before the shift, the blue fractions of consumers p; and po
represent the equilibrium fractions of consumers searching once and twice, respectively. Because
here search costs are small for all consumers (cy > ¢), they all search at least once. Keeping prices
constant, an increase in search costs results in a fall in the number of consumers who search twice
and, correspondingly, in an increase in the number of consumers who search once. As a result, firms
have incentives to raise their prices. The graph of Figure 1(a) shows the case in which search costs
are sufficiently large (co > /5¢). In this situation, the fraction of consumers o does not find it worth
to search and opts out of the market. When search costs increase, keeping prices fixed, the number
of consumers who leave the market increases a lot, which gives firms incentives to lower their prices.
The existing literature, by considering environments in which all consumers search at least once, has
focused on the response of the intensive margin to increases in search costs. Our model, by allowing
for sufficiently dispersed consumer search costs, adds to the literature by bringing into the picture

the response of the extensive margin, which as shown in Theorem 1 may have a dominating influence.

12



2.1.1 An example: the Kumaraswamy distribution

Definition: The Kumaraswamy distribution has cdf and pdf

Cc

G(c)=1- [1— <5>a]b, cel0,5], a,b>0

ab e\t NG

0=5) 1G]
The Kumaraswamy distribution turns out to be quite useful in our setting because it can have
increasing, decreasing and constant elasticity with respect to the parameter 8. Note that parameter

6 multiplies the search cost ¢ and scales the support of the distribution. An increase in 8 therefore

shifts the search cost distribution rightward, which signifies that search costs are higher for all

wen--5(3) (-()) <
correspondingly, the elasticity of the search cost distribution with respect to 5 is then
b—1
OIS0 )
€a,B (Cv 6) - : ( )
()7

c a
t=1—-(-=] .
<5>
Note that t € (0,1) and that ¢ is monotonically decreasing in c¢. We can rewrite (21) as

—ab(1 — )t~ 1
1—tb ’

consuimers.

Note that

We now let

ecp(t) =

and then take the derivative of g g(t) with respect to t. This gives
degp(t)  —abt’2(b—1— bt + %)

dt (1 — tb)2

We now argue that this derivative is negative for all b > 1 and positive for all 0 < b < 1.
Consider first the b > 1 case. Let h(t) =b—1—bt +t*. Then h(0) =b—1 > 0, h(1) = 0, and
R (t) = —=b(1—t""1) < 0. So h is monotonically decreasing and hence h (t) > 0 for any ¢ € (0,1).
As a result, since e g(t) decreases in t, it increases in ¢ and by Theorem 1 we conclude that prices
increase as search costs increase.

Second, assume 0 < b < 1. In this case we have h(0) = b—1 < 0, h(l) = 0 and A/ (t) =
—b(1—t""1) > 0. Hence h(t) < 0 for any t € (0,1). As a result, ¢ g(t) increases in ¢ and decreases

in ¢ so by Theorem 1 prices decrease as search costs increase.

13



For completeness, let b = 1. Plugging b = 1 in (21) gives eg g(c; B) = —a so the elasticity is
constant and therefore prices do not vary with 5.

The following result summarizes these findings.

Proposition 3 Assume that search costs are distributed on the interval [0, 8] according to the Ku-
maraswamy distribution.

(A) Assume also that co defined in (9) satisfies co < ¢. Then, for all a: (A.1) if 0 < b < 1, an
increase in [ leads to lower (in a FOSD sense) prices; (A.2) if b = 1, an increase in B does not
modify the equilibrium price distribution; (A.3) if b > 1, an increase in [3 leads to higher (in a FOSD
sense) prices.

(B) If co = ¢, then an increase in [ leads to higher (in a FOSD sense) prices for all a,b.

Proposition 3 is illustrated in Figure 2. In this Figure, we show the mean equilibrium price as a
function of parameter § for various values of the parameter b, keeping a fixed to 1. In all cases the
mean price is first increasing in 3, up to the point where ¢y = ¢. Thereafter, the mean price increases
when b = 0.5 (red curve), is constant for b = 1 (green curve) and decreases when b = 1.25 (blue
curve).

Efp]
b=0.50

=100,

61 / b=1.25

2 4 6 8 ]UJB

Figure 2: Expected price for increasing (red), constant (green) and decreasing (blue) search cost
densities

2.1.2 The general N-firms case.

The non-sequential search model we have presented above can easily be generalized to the case of

N firms.” In such a case, the payoff to a firm i charging price p; given the N — 1 rivals use the

"For empirical applications of the N-firm model see Moraga-Gonzélez and Wildenbeest (2008) and Moraga-Gonzélez,
Sédndor and Wildenbeest (forthcoming). Hong and Shum (2006) estimates search costs using a model with infinitely
many firms.
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equilibrium price distribution F(p) is

N
Milpss F(9) = (i~ 7) [Z (D
k=1

The fractions of consumers searching k times are given by

wo= [ acto (2)

co

Ck—1

,uk—/ dG(c), for all k =1,2,...,N; (23)

Ck

where

co = min c,/F(p)dp : (24)

p
o= [ PG~ Fo)fdp. k=120 .N =1 ey =0 (25)

p

The equilibrium distribution function follows from the constancy-of-profits condition

ol 0
> k(1= Fp)t ! = (26)
P (pi — )

from which we can calculate the inverse of the equilibrium price distribution

_ 10
Zgﬂ Epg(1 — z)k—1

Using (27, we can rewrite the critical points {cj}2_, as:

IRV Y SR G(co) = G(e) ul L
cp = min {0,9 (1 /0 Z’]ﬂ\;l HC(eny) — G(ck)]u"’_ld ) } ; (28)

Cr, = 9/ [G(CO) — G(Cl)] [ku’“l — (k + 1) uk]
0

p(2) + 7. (27)

du, k=1,2,.... N —1; ¢y =0. 29
> kG (cr-1) = Glex)Jub— N >

As mentioned above, we can proven elsewhere that an equilibrium always exists (see Moraga-Gonzélez
et al., 2010).

The impact of higher search costs on the equilibrium price distribution (27) is however very
difficult to analyze in the general N-firms case because the system of equations (28)-(29) is non-
linear and therefore it is hard to say something about how its solution depends on 5. Nevertheless,

it is straightforward to check numerically that the spirit of the result in Theorem 2 remains. For
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this we take a market with N = 10 firms, set v = 10 and r = 0 and use the family of Kumaraswamy
search cost distributions presented above. We choose § high enough so we are sure ¢y < ¢. Table
1 shows how market equilibria evolve as we increase the parameter 8 from 8 to 9 and to 10. We
do this for a = 1 and let b take on values that cover the regions in Proposition 3A, in particular
b=1{0.5,1,1.25}.

Table 1 clearly shows that the results in Proposition 3 hold true more in general. In particular,
when b = 0.5 an increase in search costs leads to lower prices. We can see that higher search costs
lead to overall less search, i.e., as search costs increase a given consumer searches (weakly) less (all u’s
decrease except pp). The effect is more noticed at the higher quantiles of the search cost distribution.
This is due to the fact that for b = 0.5, the search cost density is increasing and thereby there is
more mass of consumers at higher search costs. Relative to the non-price-comparing consumers,
the number of price-comparing consumers increases (all fractions muy/pg increase), which makes
the market more competitive. As a result prices decrease. Though aggregate social welfare falls as
search costs increase, some consumers benefit. This can be seen in the row CS/(1 — pg), which is
the consumer surplus conditional on searching at least one time.

When search costs follow the uniform distribution (b = 1), prices are constant. What happens
is that the numbers of price-comparing and non-price comparing consumers fall exactly in the same
proportion. Consumer surplus conditional on searching also goes up in this case.

Finally, when the search cost density is decreasing (b = 1.25), an increase in search costs results

in higher prices, lower consumers surplus (conditional and unconditional) and lower welfare.

2.2 Sequential search

Consider now a market for homogeneous products where consumers search sequentially. A mar-
ket with these characteristics has been studied by Stahl (1996). He works with the case in which
consumers have downward sloping demand functions and the first search is conducted at no cost.
He shows that when the search cost distribution is atomless there generally exists a continuum of
pure-strategy symmetric equilibria, one of which is the Diamond (1971) equilibrium. He also shows
that there may be a continuum of mixed-strategy symmetric equilibria as well. If the search cost
density vanishes at zero search costs, then the monopoly price equilibrium is the unique one.

In order to circumvent the Diamond (1971) equilibrium, as suggested by Stahl (1996), we intro-
duce an atom of consumers with zero search costs. Let v be the proportion of “shoppers”. The rest

of the consumers, a proportion 1 — -, have search costs distributed on (0,¢) according to the search
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b=0.50 b=1.00 b=1.25

F=8 B=9 pB=10 F=8 B=9 B=10 B=8 B=9 B=10

o 0.800 0.823 0.842 0.622  0.664 0.697 0.541  0.591 0.630
5 0.131 0.116 0.103 0.241  0.214 0.193 0.287  0.257 0.232
n2 0.032 0.029 0.026 0.064  0.057 0.051 0.080 0.071 0.064
3 0.013 0.012 0.011 0.027  0.024 0.022 0.034  0.030 0.027
m 0.007 0.006 0.006 0.014 0.013 0.011 0.018  0.016 0.014
us 0.004 0.004 0.003 0.008  0.007 0.007 0.011  0.009 0.008
1e 0.003 0.002 0.002 0.005  0.005 0.004 0.007  0.006 0.005
wr 0.002 0.002 0.001 0.004 0.003 0.003 0.005  0.004 0.004
us 0.001 0.001 0.001 0.003  0.002 0.002 0.003  0.003 0.003
Ho 0.001 0.001 0.001 0.002  0.002 0.002 0.002  0.002 0.002
K10 0.005 0.004 0.004 0.010  0.009 0.008 0.012  0.011 0.010
na/p1 0.247 0.249 0.251 0.267  0.267 0.267 0.278  0.277 0.275
B3/p 0.103 0.104 0.105 0.113  0.113 0.113 0.118  0.118 0.117
a/p1 0.054 0.054 0.055 0.059  0.059 0.059 0.062  0.062 0.061
Bs/p1 0.032 0.032 0.032 0.035  0.035 0.035 0.037  0.037 0.036
e/ p1 0.021 0.021 0.021 0.023  0.023 0.023 0.024 0.024 0.023
w7/ 0.014 0.014 0.014 0.015 0.015 0.015 0.016  0.016 0.016
s/ 0.010 0.010 0.010 0.011  0.011 0.011 0.012  0.012 0.012
o /11 0.008 0.008 0.008 0.008  0.008 0.008 0.009  0.009 0.009
Hio/p1 0.037 0.037 0.037 0.040  0.040 0.040 0.042  0.041 0.041
Elp] 7.118 7.100 7.086 6.973  6.973 6.973 6.894  6.905 6.913
P 3.433 3.409 3.390 3.240  3.240 3.240 3.139  3.152 3.163
PS 1.313 1.155 1.032 2.409  2.141 1.927 2.873  2.569 2.323
cs 0.683 0.608 0.548 1.355  1.207 1.087 1.687  1.502 1.354
CS/(1 — po) 3.4132  3.4401  3.4612 3.583  3.588 3.593 3.676  3.669 3.664
Total Welfare 1.996 1.763 1.580 3.764  3.348 3.015 4.560  4.072 3.677

Table 1: Equilibrium search intensities for Kumaraswamy distribution (a = 1)
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cost cdf G(c). In addition, we make the assumptions that consumers have unit demands and that
the first search is also costly.

We now proceed to construct a mixed-strategy symmetric Nash equilibrium. Let F'(p) denote
the equilibrium probability with which a firm charges a price below p. To calculate the equilibrium
F, we write the payoff to a firm ¢ charging a price p; given the rival firm uses the strategy given by
F. Consumers with zero search costs will buy from firm ¢ when the rival firm’s price is higher than
pi, which happens with probability 1 — F(p;). Regarding the consumers with positive search costs,
notice that in symmetric equilibrium consumers who search at least once will start their search at
either firm with equal probability. Consider a consumer with search cost ¢ that visits firm ¢ first.

Given that firm ¢ charges p;, this consumer has net gains from searching one more time equal to

/ ; (pi —p)f(p)dp —c. (30)

Correspondingly, the optimal search policy of the consumer in question consists of stopping at firm
i when these net gains are positive and proceeding to firm j otherwise (see also Kohn and Shavell,

1974). Let |
H(pi)E/ Z(pi—p)f(p)dp-

and define by by ¢y the critical search costs (to be computed later) above which consumers do not

search at all. Then the share of consumers who buy directly at firm ¢ conditional on visiting ¢ first is
Prlco > ¢ > H(p;)] = G(co) — G(H(p;))-

The share of consumers G(H (p;)) will walk away from firm 4 in order to check the price of firm
j- If it happens that p; < p; these consumers will return to buy at firm 4. Since these two events are

independent, the share of consumers who return to firm i is

G(H(pi))(1 = F(pi))-

Consider now a consumer with search cost ¢ that visits firm j first. This consumer will also buy
at firm ¢ when she happens to walk away from firm j and encounters a price p; at firm ¢ such that

p; < p;. Conditional on visiting firm j first, demand from these consumers is then equal to

P min{H (p;),co}
Prlcop > ¢ and H(p;) > ¢ and p; < p;] = / / g(c)de | f(pj)dp
0

pi

= [ a(Hm)F))dp.

Pi
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Putting things together the payoff of firm i is:

mi(pi; F) = piy(1 — F(pi))

) {1 (Gleo) — G(H(p) + CH@p))A - Fp)] + -

2 s [ GuintH), @b

pi
. P
=5 dov0 - P + (1) [l = GG FE) + [ Glnin{i ). ) )| |
Pi
(31)
Inspection of (31) reveals that min{H (p),co} = H(p) for all p in the support of F.® In fact, if

there were some p such that H(p) > ¢o for all p > p, the payoff of a firm charging p would be

negative:

mi(p; F) = (1/2)p(1 = 7) [G(co) — G(H(P))F (D) + G(co)(1 — F(p))]

= —(1/2)p(1 = 7) [G(H (p)) F (p) + G(co) F(p)] < 0

The intuition is that, in equilibrium, no matter the price a firm charges, there are always some
consumers who stop right away. If there are prices for which all consumers walk away and compare
with the price of the rival then a firm would gain by lowering that price. Hence, we can rewrite the
payoff in (31) as
Di i
(o F) = B {200 ) + (1) [6lao) ~ G)F ) + [ G0N 1010}
i
A firm charging the upper bound p gets a payoff m;(p; F) = Z(1 — v) {G(co) — G(H(p))} . The
upper bound p should then maximize this payoff, that is:
_ p
p=arg max {£(1-9)[G(co) - G(H(p))]} (32)
p€E[0,v] 2
In a mixed strategy equilibrium, the firm should be indifferent between the prices in the support

@, To] . Therefore the equilibrium price distribution must solve the following equation:

p {20 = F) + (1= )Glaw) = G F) + [ GUHE)S @)y} =p1-2) (Glaw) = GHD))
1 (33)

8Since H(p) = ff (p — q) f(q)dg is increasing in p, we have
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It remains to derive the search cost above which consumers opt out of the market. A consumer
with search cost ¢ will make the first search when the gains from searching the first time are above
the cost. Therefore, the consumer indifferent between searching and not searching has search cost ¢y

such that B
co = / (v—p)f(p)dp = v — E[p). (34)

If an equilibrium price distribution F' exists, then it is given by the solution to equations (32)-
(34). Even in the simplest case in which search costs are uniformly distributed, it is not possible to
derive analytically the equilibrium price distribution. Numerical calculation of the equilibrium price
distribution is also challenging. In order to make some progress, we will make one more simplifying
assumption. We will assume that search costs are distributed on the interval [S¢, 5¢|, with v > ¢ > 0,

according to the (generalized) Kumaraswamy distribution

-1 (- (54))

and we will make the lower bound of the search cost cdf high enough so that all (searching) consumers
search one time maximum. This implies that the upper bound of the price distribution p has to be
equal to p(fc) for otherwise such a consumer would search again when observing p in his first visit.
Given this, all non-shoppers will search a maximum of one time. As above, we let the upper bound
of the search cost distribution to be high enough so that some consumers do not search at all. Hence,
consumers with search costs below ¢y will search one time while those with search cost above cg will
drop from the market.?

The equilibrium condition above in (??) simplifies to

pi [2v(1 = F(pi)) + (1 —7)G(co)] = p(Bc)(1 —v)G(co), (35)

and in fact we can compute the price equilibrium:

(1 =7)G(co) (p(Be) — pi)
2 Di .

F(p))=1-
To find p(Bc) notice that p(Sc) — Elp] — Sc = 0. Using the inverse of the price distribution in the

! (Y p(Be)(1 = 4)G(co)
Elpl = /0 Ply)dy = /0 (1=7)G(co) +2v(1 — y) .

9In some sense, this situation is similar to that analyzed in Janssen et al. (2005) where consumers with positive
search costs mix between searching and not searching.

usual way, we have
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so from the equation p(f8c) — E[p] — fc = 0 we get

Be
p(Bc) = 1 (1—~)G(co) . (36)
1=Jo (1*'Y)G(CO)+227(1*1/) dy
The critical consumer ¢y gets zero utility searching one time. So v — E[p| — ¢ = 0, i.e.
1
p(Be)(1 —7)G(co)
v — dy—co=0 37
J, et o

These equations characterize the (candidate) equilibrium.!? Table 2 shows the numerical results
for the model at hand. In this table we set v = 1, v = 0.5, ¢ = 0.5 and ¢ = 1 and study how the
price equilibrium changes when we increase 8 from 1 to 1.1. We report the values obtained for ¢g
and they clearly fall in the interval (8¢, 5¢). In all cases, we can see that an increase in search costs

results in lower prices. Notice also the welfare result when ¢ = 1.25.

Bc 0.5 0.55 0.51 0.55 0.5 0.55
co 0.7340  0.7580 0.7090  0.7345 0.6908  0.7166
Be 1 1.1 1 1.1 1 1.1
p(Bc) 0.7659  0.7919 0.7903  0.8154 0.8091  0.8333
E[p]  0.2659  0.2419 0.2903  0.2654 0.3091  0.2833
n 0.1444  0.1187 0.1656  0.1368 0.1827  0.1512
w 0.5787  0.5735 0.5828  0.5816 0.5855  0.5880

Table 2: Sequential search for homogeneous products (Kumaraswamy distribution, a = 1)

3 Models with differentiated products

In this Section we study the effects of higher search costs in consumer search models for differenti-
ated products. The main difference with the case of homogeneous products is that the symmetric
equilibrium is characterized by pure-strategies. We will show that our result above in Theorem 2
that higher search costs can result in higher prices also arises with differentiated products. This

implies that the result has nothing to do with the mixed- or pure-strategy nature of equilibria.
3.1 Non-sequential search

The following model is in the spirit of Wolinsky (1986) but consumers search non-sequentially instead

of sequentially. On the supply side of the market there are 2 firms selling horizontally differentiated

1T our numerical calculations below we make sure that there are no deviations
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products. Both firms use the same constant returns to scale technology of production; the marginal
cost is equal to r. Firms compete in prices and they choose them simultaneously. On the demand side
of the market, there is a unit mass of consumers. A consumer m has tastes described by the following
indirect utility function: w;, = €;m—p;i, if she buys product i at price p;. The parameter €;,,, is a match
value between consumer m and product 7. We assume that the match value e, is the realization of
a random variable distributed on the interval [, ] according to the cumulative distribution function
F(g). Match values are independently distributed across consumers and products. Moreover, they
are private information of consumers so personalized pricing is not possible.

As mentioned above, consumers search non-sequentially, that is, they choose the number of firms
to visit in order to maximize expected utility. While making such a decision, they have correct
beliefs about the equilibrium price. Except in regard to their costs of search, consumers are all
ex-ante identical. As in the previous section, we assume search costs are randomly distributed in
(0,¢) according to the cdf G(c).

In what follows we characterize a symmetric pure-strategy Nash equilibrium. Let us start exam-
ining the problem of the consumers. Assume both firms charge price p*. A consumer with search
cost ¢ that samples one firm only expects to obtain a utility equal to FE[e] — p* — ¢. Equating this
utility to zero and solving for ¢ gives a critical search cost value ¢y above which a consumer will not

even search a first firm:

z
cop = min {c,s - / F(e)de — p*} . (38)

£
A consumer who samples the two firms expects to get a utility equal to E[maz{ei,e2}] — p* — 2c.
Let ¢ = (E[max{e1,e2}] — p*)/2 be the threshold search cost value above which searching twice
gives negative utility. Equating the utility obtained from searching twice to the utility derived from
visiting one firm only gives a critical search cost value ¢; above which consumers prefer to search

one time only: )
¢1 = min {c, /: F(e)(1 - F(s))da} . (39)

In equilibrium, it must be the case that ¢ > ¢ for otherwise some consumers would search
twice and some not at all.'! Hence, the population of consumers can be split into three groups of

consumers, some possibly with no mass, namely, consumers not searching at all, searching one time

"This cannot happen in equilibrium because then some consumers would prefer to search one time. In fact, if ¢ < ¢;
then ¢y < ¢1, which implies ¢ > ¢o. Given this it follows that it must be the case that ¢y = ¢1, which is only possible
when cg =c; =¢.
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and searching two times:
to =1—G(co); 1 = G(co) — G(e1), and po = G(c1) (40)

We now move to the problem of the firms. To characterize the symmetric pure-strategy equilib-
rium we consider a firm i that deviates by charging a price p;(> p*) given the rival firm charges p*.

The expected payoff of firm i is:
milpi > p0) = (s = 7) (5 Prle 2 pi) + 2 Prlei — pi > max{e; — ", 0}]) (41)

In line with Anderson and Renault (1999), we make the assumption that Prle; > p;] = 1 so that

consumers who search always buy.'? Then, the payoff in (41) is equal to

mi(pi > p*;p*) = (pi — 1) <M21 + p2 /EF(& — (pi p*))f(5i)d5i> - (42)

In symmetric equilibrium the first order condition must be satisfied. Taking derivatives we get:

'u21+,u2/ F(5i_pi+p*)f(5i)d5i_N2(pi_r)/€ flei —pi+p*)f(ei)dei =0

Notice that when the density of match values f is non-increasing, the payoff (42) is strictly concave.

Setting p; = p* in the expression above, we obtain:

+,U2/ ng 5z)d51 M2p =T / fgz d51—0

Solving for p* we get the (candidate) symmetric equilibrium:

Proposition 4 (4) Let¢ < ffF(e)(l—F(e))ds. Then, if there exists a symmetric Nash equilibrium,

all consumers search twice and the equilibrium price is given by

f F(e
f f st
This price is independent of the search cost distribution.
(B) Otherwise, when ¢ > ffF(e)(l — F(e))de, if there exists a symmetric Nash equilibrium, a

fraction p1 of consumers searches one firm only and a fraction ps of consumers searches the two

firms, with py + p2 <1 and py and pe given by (38)-(39). In this case the equilibrium price is

142\ [°F d
pr =y 12 FlE)f(E)de (44)
2)\f0 2d6

where X = g/ .

12This assumption boils down to assuming e is sufficiently large. It is made for convenience, since it allows us to
obtain the equilibrium price in closed-form (see Proposition 4).
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Notice that the price in (43) obtains as the limit of the price in (44) when p; converges to zero.

We now study how the equilibrium price depends on search costs. The first observation we make
is that the price in (43) is independent of the search cost distribution. Therefore, when search costs
are low, an increase in search costs has no effect on prices whatsoever.

We now move to the more interesting case of Proposition 4(B). Note that

dp* -1 -
A 202 [F f(e;)2de;

so p is monotonically decreasing in A\. Moreover, the price effect of increasing search costs goes
exclusively via A.
As in the previous sections, we have to distinguish between two cases. The first case is when ¢ is

large enough so that pg > 0. Then, in this case we have

L _om o _ G (co;B) 1 (45)

A pp GlesB)
where, again, we have parametrized the search cost distribution by a parameter 3, with higher 3
signifying higher search costs.
Equation (45) defines implicitly the equilibrium value of A, which in turn determines the equilib-

rium price. Let us rewrite this equation as follows:
H(A; B) = (14 )G (c138) = AG (03 8) = 0

An equilibrium of the model is given as a solution to the equation H(\;3) = 0. We are interested in

the effect of higher search costs on A. Using the implicit function theorem we have:

%
43 = oH
g~ o

The derivative

T = (L Gl ex:9) ~ AG (i )
= ggzg/\% (c138) = AG'3 (o3 B)
CG(co) o AG (o3 B) G (co; B)
=G P T T G )
_ MG (e B) |Gl B) B GleoiB)B (46)
B G (c1p) G (co; )

where the first equality follows from the equilibrium condition H(\; ) = 0.
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Upon observing (46) we conclude that

0H
—— > 0if and only if eg g(c1) > e g(co),

op
where £g g denotes the elasticity of the search cost distribution with respect to 3. Since co > ¢, for
decreasing elasticity we have 0H /08 > 0 while the opposite holds if we have increasing elasticity.

Consider now the derivative

A
MY Ge116) — G ews 6) — Ag (e0: )
_ Gle:p) dco
= D g ) O,

where the second equality follows from using the equilibrium condition H(\; 3) = 0.
The sign of this derivative depends on the sign of

800 . @

o Y

Therefore we conclude that
OH()\)
o\

We have arrived to the very same conclusion as that in Section 2. When the search cost cdf has

< 0.

increasing (decreasing) elasticity with respect to the shifter parameter 3, then an increase in [ results

in a higher (lower) equilibrium price.

Consider now the case where ¢ is intermediate, i.e., when it is high enough so that some consumers
search exactly once and low enough so that no consumer drops out of the market. In this case we
have

1 1251 1

XZQZG(CUB)_L )

Equation (47) defines implicitly the equilibrium value of A, which in turn determines the equilib-

rium price. Let us rewrite it as follows:

H(X 8) = (1+ NG (e1;8) — A = 0.

In this case, we can solve for
__G(e;P)
1—G(e1;8)

>

Clearl
o DGl
B [1 =G (cy; B))

so we conclude that an increase in 5 leads to higher prices. To summarize:

)
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Theorem 3 Let G (c; 3) be a parametrized search cost cdf with positive density on [0,¢], with Gy < 0.
(a) Assume that ¢ is sufficiently large so that co defined in (38) satisfies ¢y < €. Denote the equilibrium
price corresponding to [ by p(B). Then if the elasticity of the search cost distribution with respect
to B decreases (increases) in ¢, we have that p(f) decreases (increases) in 3, that is, an increase in
search costs lowers (raises) prices.

(b) Assume that ¢ is intermediate so that ¢y and c¢1 defined in (38)-(39) satisfy c1 < co =¢. Then an

increase in B results in an increase in the equilibrium price, i.e. higher search costs raise prices.
3.1.1 The N-firms case

The previous non-sequential search model with differentiated products can easily be generalized to

the case of N firms. The problem of a consumer with search cost ¢ is to choose a number & of firms

min { /0 " F(e)de + kc} .

It is easily checked that this problem is well-behaved (the problem is convex) so a solution exists.

to be sampled in order to minimize

The critical search cost parameters are given by

€
cp = min {c,v —1—5—/ F(e)de —p*}
0
c) = min {c/ F(e)*(1 - F(a))da} L k=1,2,.,N—1
0

and the fractions of consumers searching k times are given by the expressions:

po =1 — G(co)
M :G(C]gfl)—G(Cw7 k= 1,2,...,N—1 (48)
pun = G(en-1)

Notice again that, depending on the magnitude of ¢, some of these fractions of consumers may be
equal to zero.

The expected payoff of a firm 7 that deviates from the symmetric equilibrium price is

mi(ps > p*sp*) = (pi — 1)

1% N kg [T

1 o

e o USRI

and taking the FOC and imposing symmetry one can find the (candidate) equilibrium price:

R s K D F ()R f(e)de
T k(k—Dpi (€ k—2 2
D2 L F(e)F 2 f(e)2de

*

b =r
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Studying how an increase in search costs affects the equilibrium price is more difficult in this case.
Because of this, we proceed by solving the model numerically. In Table 2, we assume that N = 5,
r = 0 and match values are distributed on the set [0.5, 1] according to the Kumaraswamy distribution
with upper bound 8. We set a = 1, pick § sufficiently high so that all fractions of consumers defined
above in (48) are strictly positive and compute the price equilibrium and search intensities for various
levels of the parameter b. The results clearly show that our statement in Theorem 3 holds true more
generally. As search costs go up (3 increases), prices fall for b = 0.75, remain constant for b = 1 and

increase for b = 1.25.

b=0.75 b=1.00 b=125

=235 B=.40 pB=.14b =35 B=.40 pB=.14b B=135 B=.40 B=.45

1o 0.3760  0.4597  0.5234 0.2225  0.3197  0.3953 0.1009  0.2015  0.2834
o 0.4394  0.3795  0.3342 0.5393  0.4719  0.4194 0.6108  0.5451  0.4906
U2 0.0938  0.0815  0.0721 0.1190  0.1041  0.0925 0.1416  0.1247  0.1114
13 0.0366  0.0319  0.0283 0.0238  0.0416  0.0370 0.0580  0.0509  0.0454
4 0.0181  0.0158  0.0140 0.0238  0.0208  0.0185 0.0203  0.0256  0.0228
s 0.0359  0.0314  0.0279 0.0476  0.0416  0.0370 0.0591  0.0518  0.0460
pa/p1 0.2134  0.2148  0.2157 0.2207  0.2207  0.2207 0.2318  0.2288  0.2271
p3/pa 0.0833  0.0841  0.0847 0.0882  0.0882  0.0882 0.0950  0.0934  0.0925
pa/pr 0.0412  0.0417  0.0420 0.0441  0.0441  0.0441 0.0479  0.0471  0.0466
ps/p1 0.0817  0.0827  0.0835 0.0882  0.0882  0.0882 0.0968  0.0950  0.0939
p* 0.4949  0.4919  0.4898 0.4779  0.4779  0.4779 0.4558  0.4610  0.4641

Table 3: Non-sequential search for differentiated products: price equilibrium and search intensities
(Kumaraswamy distribution, a = 1)

3.2 Sequential search for differentiated products

We finally study the implications of higher search costs in a model where consumers have hetero-
geneous search costs and search sequentially. The model is in the spirit of Wolinsky (1986) and
Anderson and Renault (1999). The difference with the model above is that consumers search se-
quentially with costless recall, instead of non-sequentially. The rest of the model details are exactly
the same.

We start by computing the symmetric Nash equilibrium. Let p* denote the equilibrium price.
Consider the (expected) payoff to a firm 4 that deviates by charging a price p; # p*. In order to
compute firm i’s demand, we need to characterize consumer search behavior. Since consumers do
not observe deviations before searching, we can rely on Kohn and Shavell (1974), who study the
search problem of a consumer who faces a set of independently and identically distributed options

with known distribution. Kohn and Shavell show that the optimal search rule is static in nature and
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has the stationary reservation utility property. Accordingly, consider a consumer with search cost ¢
and denote the solution to B

h(z) = / (e — a) f(e)de = ¢ (49)

x

by Z(c). The left-hand-side (LHS) of (49) is the expected benefit in symmetric equilibrium from
searching one more time for a consumer whose best option so far is x. Its right-hand-side (RHS) is
her cost of search. Hence &(c) represents the threshold match value above which a consumer with
search cost ¢ will optimally decide not to continue searching the other product. The function h
is monotonically decreasing. Moreover, h(g) = Ele] and h(g) = 0. It is readily seen that for any
¢ € [0, min{¢, F[e]}], there exists a unique Z(c) that solves (49).

In order to compute firm ¢’s demand, consider a consumer with search cost ¢ who visits firm 4 in
her first search. This happens with probability 1/2. Let ¢; —p; denote the utility the consumer derives
from the product of firm . The consumer expects the other firm to charge the equilibrium price p*.
Suppose €; — p; > €; — p* for otherwise the consumer would not buy product 7. The expected gains

. . 1
from searching one more time are equal to |

e pitpl€5 — (€ = pi+p")] f(€)de;. Upon visiting firm i,

the consumer can do two things, namely, the consumer either buys the product of firm 7 right away, or
searches again. Comparing this to (49), it follows that, the probability that the buyer visits firm 4 first
and stops searching at firm i is equal to (1/2) Prle; — p; > &(c) — p*] = (1/2) [1 — F(&(c) + pi — p*)].
Consumer ¢ may find the product of firm ¢ not good enough in the first instance and continue
searching. However, upon visiting the rival firm j, it may happen that consumer ¢ returns to firm ¢
because such a firm offers her the best deal after all. This occurs with probability

1 1 [&e)+pi—p

3 Prley —p" <ei—pi <) —p7] = 2/5 F(e —pi+p") f(e)de. (50)
where, as in Anderson and Renault (1999), we have made the assumption that ¢ is sufficiently high
so that all consumers buy either product i or j.

With the remaining probability, 1/2, consumer c visits first firm j. In that case, she will walk
away from product j when searching again is more promising than buying j right away. Upon visiting
firm 4, she will buy product ¢ when she finds product ¢ better than j. This occurs with probability
(1/2) Prle; — p* < min{a(c) — p*, &5 — pi}] = (1/2)i(e) [1 — F(i(c) +pi — p*)].

To obtain the payoff of firm ¢ we need to integrate over the consumers who decide to participate

in the market. Setting z = ¢ in (49) and solving for ¢ we obtain the critical search cost value ¢y

above which consumers will refrain from participating in the market:

*

co = Efe] — p*.
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Therefore the expected payoff to firm ¢ is:

i min{¢,co}
mi(pi;p*) = /
0

#(c)+pi—p*
. (14 () (1 = Pla() + i~ ) + | Fle — pi + 9 (0)de | glc)de.

) (51)

To shorten the expressions we will from now on write Z instead of Z(c) but the reader should keep

in mind the dependency of & on ¢. Taking the FOC gives

min{c,co}
/

min{c,co }
+pi /
0

Applying symmetry p; = p* gives the following

(14 2)[1 - F(&+p; — p*)] + /Hpip F(e —pi +p") f(e)de| g(c)de

&+p;—p*
—(1+2) G+ pi— ) — / f(e = pi+ p") F(e)de + () (

>

S—
1

<
—~

9]
SN—

=

o)

0= /0 el [(1 +a)(1— F@) + / ") f(e)ds} g(c)de

min{¢,co } z .
| [(1 +8) f@)+ [ rleyas- F<x>f<w>] g(c)de. (53)
which can be solved for the equilibrium price:
e a4 a) (- F@) + [ P (©)de] gl)de
e [+ 2) £(@) + [F F(e)2de — F(@)f(2)] g(e)de

In order to check how the equilibrium price changes when search costs go up, we proceed numer-
ically. We again use the Kumaraswamy distribution and focus on the case where the upper bound
of the search cost distribution § is sufficiently high. For that case, the extensive margin gives firms
incentives to cut their prices. In Table 4, we set r = 0 and assume match values are distributed
on the set [0.5, 1] according to the Kumaraswamy distribution with parameter a = 1. We compute
the price equilibrium for ¢ = 1 and for various levels of the parameter b and . We also compute
the expected number of consumers who buy from a firm without visiting the other firm; we refer to
these consumers as onetimers. Likewise, we compute the expected number of consumers who visit
both firms and refer to them as twotimers. The Table shows once again that prices decrease with
increasing search costs when b = 0.75, in which case the search cost density is increasing. In that
case, as search costs increase, the ratio of twotimers to onetimers goes up, which makes the market
more competitive. For the uniform distribution, once more prices are independent of the search cost
upper bound. Finally, when b = 1.25 and the search cost density decreases, we get the standard

result that prices increase with higher search costs.

29



b=0.75 b=1.00 b=1.25

B=.30 pB=.35 B=.40 B=30 B=.35 pB=.40 B=30 PB=.35 B=.40
onetimers 0.3752 0.3106 0.2661 0.4281 0.3669 0.3210 0.4534 0.4049 0.3625
twotimers 0.1893 0.1576 0.1354 0.2206 0.1891 0.1654 0.2400 0.2125 0.1895.
twotimers 0.5046 0.5073 0.5088 0.5153 0.5153 0.5153 0.5294 0.5249 0.5227
onetimers
p* 0.4953 0.4928 0.4913 0.4852 0.4852 0.4852 0.4727 0.4766 0.4785

Table 4: Sequential search for differentiated products: price equilibrium and probabilities of searching
once and twice (Kumaraswamy distribution, a = 1)

4 Conclusions

This paper has studied the role of search cost heterogeneity in four well-known models of consumer
search. The main result of the paper has been that higher search costs result in lower prices provided
that search costs are sufficiently dispersed and the search cost distribution has an increasing density.
Without a priori reasons other than analytical convenience, the traditional literature has focused
on markets where search costs are low. This paper has shown that this assumption is not innocuous.
By forcing search costs to be low, the traditional analysis has focused on the effects of higher search
costs at the intensive margin. This paper, by allowing for arbitrary distributions, has made the point
that the effects of higher search costs at the extensive margin might drive the dynamics of prices.
We think this result is important. Allowing for search cost heterogeneity, besides being more
realistic, allows for prices to increase or decrease when search costs go up. It follows, then, that
the standard implication on the relationship between search costs and prices is a consequence of the
assumption about search costs dispersion, and not a general characteristic of models of consumer

search.
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Appendix

Proof of Proposition 2. Since 29 = G(cp) and x1 = G(c1), we have

Ty — T .
o= <6 9/ To — X1 + 2x1udu> ’
x1—G(6/ (0 = 1) (1_2u)du>.

0o To— 1+ 271U

An equilibrium of the model is given by a solution to

H(y)=yGO—-0(1-y)I(y) - GO0 —-y)J(y) =0,

where
1 _ _
I(y) - / 1 s — log (1 +y) —log (1 y);
o 1—y+2yu 2y
1 _ _ _ _
() = / 1—2u s — log (1 +y) log (1—1y) 2y'
o 1—vy+2yu 2y

We note that for y = 0 and y = 1 we have

H(0) = 0- G (e (0)) — G (e1 (0)) = ~G (0) =0,
H(1) = G (eo (1) — G e (1)) = G (1) — G (0) = G (1) > 0.

Consider now the value of H (y) /0y at y = 0. Since 0 = ¢1 (0) = ¢ (0) and ¢} (0) > 0 we have

SH(0)
dy

= G (0) - G'(0) &, (0) = —G' (0) €, (0) < 0.

Given these three observations (i.e. H (0) = 0,H (1) > 0 and 9H (0) /0y < 0), we conclude that
there exists at least one equilibrium.

We now prove the part on uniqueness of equilibrium. Let G (¢) = (¢/5)* for some a > 0 with
support [0, 5]. From equation (11), since the case y = 0 is not interesting and G (¢ (y)) > 0 for

y > 0, it is sufficient to prove that the equation

Gla W)
Y= Gla W) (54

has a unique solution. Since the LHS of (54) is increasing in y, it suffices to show that the RHS
decreases in y. Let h (y) denote the RHS of (54):




The derivative of h (y) is

dh(y) a8 () e (y) — act (y) L e (y)
b 3 ()
ac® 1 (y) ot de dc
_aq C(%i)( yo) (y)< ;y(y)c()(y)—m(y) gy(y)>'

Since

der(y)  29Q2+y) —(1+y)(2—y) i

dy 203 (1 + ) ;
deo (y) _ —2y+(1+y) ln%
dy 202 (1 +9) ’
we obtain that
dey (y) deo (y)
dy Co (y) C1 (y) dy =
— 4 (14 20) + 2 (1) 2= 92+ (1) (1= 2.
I+y 14y

This expression is negative for 0 < y < 1, so dh (y) /dy < 0, and therefore, the equilibrium is unique.
[ |
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